PRIMITIVITY OF UNITAL FULL FREE PRODUCTS 
OF RESIDUALLY FINITE DIMENSIONAL 
C*-ALGEBRAS 



KEN DYKEMA AND FRANCISCO TORRES- AYALA 

Abstract. A C*-algebra is called primitive if it admits a faithful 
and irreducible *-representation. We show that if Ai and A 2 are 
separable, unital, residually finite dimensional C*-algebras satisfy- 
ing (dim(Ai) - l)(dim(A 2 ) — 1) > 2, then the unital C*-algebra 
full free product, A — A\ * A 2 , is primitive. It follows that A is 
antiliminal, it has an uncountable family of pairwise inequivalent 
irreducible faithful ^-representations and the set of pure states is 
w*-dense in the state space. 



1. Introduction 

A C*-algebra is called primitive if it admits a faithful and irreducible 
*-representation. Thus the simplest examples are matrix algebras. A 
nontrivial example, shown independently by Choi and Yoshizawa, is 
the full group C*-algebra of the free group on n elements, 2 < n < 
oo, see [1] and |15j . In [10], Murphy gave numerous conditions for 
primitivity of full group C*-algebras. More recently, T. A. Omland 
showed in [11] that for Gi and G 2 countable amenable discrete groups 
and a a multiplier on the free product G\ * G 2 , the full twisted group 
C*-algebra C*(G 1 *G 2 , a) is primitive whenever — 1)(|G 2 | — 1) > 2. 

We prove that given two nontrivial, separable, unital, residually fi- 
nite dimensional C*-algebras A\ and A 2 , their unital C*-algebra full 
free product Ai*A 2 is primitive except when A\ = C 2 = A 2 . The meth- 
ods used are essentially different from those in [10], [2], [1] and [11] but 
do rely on Exel and Loring's result [7] that A\ * A 2 is itself residually 
finite dimensional. Roughly speaking, we first show that if (dim(Ai) — 
l)(dim(A2) — 1) > 2, then there is an abundance of irreducible finite 
dimensional ^representations and later, by means of a sequence of ap- 
proximations, we construct an irreducible and faithful *-representation. 
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The paper is divided as follows. Section [2] recalls some facts about 
^-automorphisms of finite dimensional C*-algebras. Section [3] recalls 
some known result on Lie groups that will be used later. Section H] is 
fully devoted in proving Theorem 14. II which is about perturbing a pair 
of proper unital C*-subalgebras of a matrix algebra in such a way that 
they have trivial intersection. Theorem 14.11 is the cornerstone for the 
rest of the results in the paper. Lastly, section [5] contains the proof of 
the main theorem about primitivity and some consequences. 

Notation 1.1. Given a Hilbert space H, we denote the set of bounded 
linear operators by IB (if) and the set of compact operators by K(H). 

For a unital C*-algebra A, *-SubAlg(yl) denotes the set of all unital 
C*-subalgebras of A and U(A) denotes the set of unitary elements of 
A. For simplicity, given a Hilbert space H we write U(if ) instead of 
U(B(#)). 

By Aut(A) we denote the set of * -automorphisms of A. For u in 
U(A) we let Adu denote the *-automorphism of A given by Adu(x) = 
uxu* . The set of all *-automorphisms of the form Adw, for some u, is 
called the set of inner automorphism and it is denoted by Inn(yl). 

For a unital C*-algebra A, C(A) denotes its center. In other words 

C(A) = {x G A : xa = ax for all a G A}. 

For a positive integer n, M n denotes the set of n x n matrices over 
C and S n denotes the permutation group of the set {1, . . . , n}. 

2. ^-Automorphisms of finite dimensional C*-algebras 

By a *-automorphism of a C*-algebra we mean a bijective map, 
from the algebra onto itself, that is linear and preserves products and 
adjoints. 

In this section we recall some basic results concerning *-automorph- 
isms of finite dimensional C*-algebras and in particular a precise alge- 
braic relation between the group of ^-automorphism and the subgroup 
of inner ^-automorphisms. 

Any *-homomorphism from a simple C*-algebra is either zero or 
injective (since its kernel is an ideal). Even more, any non-zero *- 
endomorphism of a finite dimensional simple C*-algebra is a *-auto- 
morphism. Indeed, any such *-endomorphism is injective and thus 
it is bijective (by finite dimensionality) and a straightforward com- 
putation shows its inverse is a *-endomorphism. As a consequence 
any *-automorphism of a finite dimensional C*-algebra moves, with- 
out breaking, each one of its simple C*-subalgebras (we may think 
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this as blocks) with the same dimension. Thus modulo an inner *- 
automorphism, a ^-automorphism is just a permutation. We make the 
last statement precise with the following two propositions. 

Proposition 2.1. Let B be a finite dimensional C* -algebra and assume 
B decomposes as 

and there is a positive integer n such that all Bj are * -isomorphic to 
M n . 

Fix {(3j : Bj — > M n }i<j<j a set of * -isomorphisms. 

(1) For a permutation a in Sj define ip a : B — > B by 

ip a (b u ...,bj) = (/Sf 1 o . . . ,#7* o 

Then ip a lies in Aut(S) and the map a H- ip a defines a group 
embedding of Sj into Aut(£>). 

(2) Every element a in Aut(£?) factors as 

(® J j=1 Aduj) oip a 

for some permutation a in Sj and unitaries Uj in V(Bj). 

(3) There is a exact sequence 

->• lnn(B) Aut(B) ->• Sj 0. 

So far we have consider C*-algebras with only one type of block sub- 
algebra, so to speak. Next proposition shows that a ^-automorphism 
can not mix blocks of different dimensions. As a consequence, and along 
with Proposition I2.1[ we get a general decomposition of *-automorph- 
isms of finite dimensional C*-algebras. 

Proposition 2.2. Let B be a finite dimensional C* -algebra. Decom- 
pose B as 

®U ®f =1 B(i,j) 

where for each i, there is a positive integer Hi such that B(i,j) is iso- 
morphic to M n - for all 1 < j < J i} i.e. we group subalgebras that are 
isomorphic to the same matrix algebra, and where n x < n 2 < ■ ■ • < nj.. 
Then any a in Aut(B) factors as a = ffif =1 a:j where 

is a * -isomorphism. 
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3. Useful results from Lie Groups 

In this section we summarize some result that, later on, will be re- 
peatedly used. Definitions and proofs of results mentioned in this sec- 
tion can be found in [9] and [8]. 

The next two theorems are quite important and will be used in the 
next section. 

Theorem 3.1. Any closed subgroup of a Lie group is a Lie subgroup. 

Theorem 3.2. Let G be a Lie group of dimension n and H C G be a 
Lie subgroup of dimension k. 

(1) Then the left coset space G/H has a natural structure of a man- 
ifold of dimension n — k such that the canonical quotient map 
7i : G — > G/H, is a fiber bundle, with fiber diffeomorphic to H. 

(2) If H is a normal Lie subgroup then G/H has a canonical struc- 
ture of a Lie group. 

The next proposition is from Corollary 2.21 in [9]. 

Proposition 3.3. Let G denote a Lie group and assume it acts smooth- 
ly on a manifold M . Form G M let 0(m) denote its orbit and Stab(m) 
denote its stabilizer i.e. 

0{m) = {g.m :geG}, 
Stab(m) = {g G G : g.m = m}. 

The orbit 0(m) is an immersed submanifold of M. IfO(m) is compact, 
then the map g i— > g.m, is a diffeomorphism from G/Stab(m) onto 
0(m). (In this case we say 0(m) is an embedded submanifold of M.) 

Corollary 3.4. Let G be a compact Lie group and let K and L be 

closed subgroups of G. The subspace KL = {kl : k G K,l G L} is an 
embedded submanifold of G of dimension 

dim K + dim L - dim(L n K) . 

Proof. First of all KL is compact. This follows from the fact that 
multiplication is continuous and both K and L are compact. Consider 
the action of K x L on G given by (k,l).g = kgl~ l . Notice that the 
orbit of e is precisely KL. By Proposition 13.31 KL is an immersed 
submanifold diffeomorphic to K x L/Stab(e). Since it is compact, it is 
an embedded submanifold. But Stab(e) = {(x, x) : x G KnL} and we 
conclude 

dim KL = dim(f^ x L) — dim Stab(e) = dimi^ + dimL — dim(f^ fl L). 

□ 
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Proposition 3.5. Let G be a compact Lie group and let H be a closed 
subgroup. Let tc denote the quotient map onto G/H. 
There are: 

(1) Afc, a compact neighborhood of e in G, 

(2) Mh, a compact neighborhood of e in H, 

(3) Mg/h, o, compact neighborhood ofir(e) in G/H, 

(4) a continuous function s : Mg/h{^{.^)) — > G satisfying 

(a) s(ir(e)) = e and ir(s(y)) = y for all y in J\f G/H (ir(e)), 

(b) The map 

Mh x M G/H -> Mq, 

(h,y) ^ hs g {y) 

is a homeomorphism. 

Proof. Let q and f) denote, respectively, the Lie algebras of G and H. 
Take m a vector subspace such that q is the direct sum of I) and m. By 
Lemmas 2.4 and 4.1 in [8], chapter 2, there are compact neighborhoods 
U s , and U m of in g, t) and m, respectively, such that the map 

U m x U {) ->• U B , 

(a,b) i — y exp(a)exp(6) 

is an homeomorphism and tt maps homeomorphically exp(U m ) onto a 
compact neighborhood of 7r(e). Call the latter neighborhood Mg/h- 
Take Mg = exp(£7 g ), Mh = exp(£7f,) and s the inverse of n restricted to 
exp(U m ). 

□ 

4. Intersection of Finite Dimensional C*-algebras and 

Perturbations 

In this section we fix a positive integer N and, unless stated other- 
wise, B\ ^ Mfq and B 2 ^ denote proper unital C*-subalgebras of 
M N . 

The main purpose if this section is give a proof of the following 
theorem (recall that for a C*-algebra A, C(A) denotes its center). 

Theorem 4.1. Assume one of the following conditions holds: 

(1) dimC(£i) = 1 = dxmC{B 2 ), 

(2) dimC(-Bi) > 2, dimC(i?2) = 1 and Bi is * -isomorphic to 

^AT/dimC(Bi) © • • • © MjV/dimC(.Bi)> 

(3) dimC(i?i) = 2 = dimC(B 2 ) , Bi is ^-isomorphic to 

M N/2 ®M N/2 , 
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and B 2 is ^-isomorphic to 

M N/2 © M N/{2k) 

where k > 2, 

(4) dim C^) > 2, dim C(B 2 ) > 3 and, for i = 1,2, B { is *- 
isomorphic to 

M N / dimC(Bi) © • • • © Mm/ dim C(-Bi)- 

T/ien 

A(Bi, B 2 ) := {u G U(Mjv) : B x n uB 2 u* = C} 
is dense in U(Mjv). 

The C*-algebra uB 2 u* is what we call a perturbation of B 2 by u. 
With this nomenclature we are trying to prove that, in the cases men- 
tioned above, almost always we can perturb one C*-subalgebra a little 
bit in such a way that the intersection with the other one is the smallest 
possible. 

Roughly speaking, the idea behind is to show that the complement of 
A(B 2 , B 2 ) can be locally parametrized with strictly fewer variables than 
dimU(Mjv) = N 2 . Thus, the complement of A(Bi, B 2 ) is, topologically 
speaking, small. 

We start with some definitions. The group U(Bi) acts on *-SubAlg(_B!) 
via (u,B) 1 — y uBu* and the equivalence relation on *-SubAlg(B 1 ) in- 
duced by this action will be denoted by ~b 1 . Specifically, we have 

B ~ Bl C & 3u G U(£i) : uBu* = C. 

We denote by [B]b 1 the -equivalence class of a subalgebra B in 
*-SubAlg( J Bi). 

Notation 4.2. For B in *-SubAlg( J Bi) let 

X(B U B 2 ;B) = {u G U(M N ) : uB 2 u* n Si = B}, 
Y(B 2 ; B) = {u G U(Mjv) : C B 2 }, 

Z(B U B 2 ; [B] Bl ) = {u G U(Mjv) : uB 2 u* n ^ ~ Bl B}. 

It is straightforward that the complement of A(B 1 ,B 2 ) is precisely 
the union of the sets Z(Bi,B 2 ; [B]b 1 ), where B runs over all unital 
C*-subalgebras of B\ and B ^ C . Just for a moment, with out being 
formal, we may think Z(Bi,B 2 ; [B] Bl ) as being parametrized by two 
coordinates. The first one is an algebra -equivalent to B. Hence 
the first coordinate lives in [B]^. The second, is a unitary u that 
realizes the first coordinate as uB 2 u* fl Bi. A(Bi,B 2 ; B) comes into 
play in order to parametrize this second coordinate. The problem is 
that A(Bi,B 2 ; B Bl ) is complicated to handle (for instance it may not 
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be closed). This is way we introduce the friendlier set Y(B 2 ] B). Good 
properties about Y(B 2 ;B) is that it is a closed subset of V(M N ), in 
fact we will show it is a finite union of enbedded compact submanifolds 
of U(Mjv), and it contains X(B 1 , B 2 ; B). 

The rest of this section is the formalization of the previous idea. In 
concrete our first goal is to show [B]b 1 has a structure of manifold and 
we are particularly interested in finding its dimension. 

Let Stab(.E>i, .£>) denote the ~ Bl -stabilizer of B i.e. 

Stab( J B 1 , B) = {u e U(Bi) : uBu* = B}. 

Remark 4.3. Given B in *-SubAlg(Si) we can endow [B]b 1 with a 
structure of manifold. Indeed, let U(5i)/Stab(5i, B) denote the set of 
left-cosets and consider the map 

P B :[B] Bl U(B 1 )/Stab(B 1 ,B), 

l3 B (uBu*) = «Stab(Si,S). 

One can check (3 B is well defined and bijective. Since U(5 1 )/Stab(5 1 , B) 
is a manifold, f3 B induces a structure of manifold on To avoid 

ambiguity we have to check the topology does not depend on the rep- 
resentative B. In fact, we will show the topology induced by f3 B is the 
same as the topology induced by the Hausdorff distance. 
For C\ and C 2 in [B] Bl define 

d H (C 1 ,C 2 ) = max < supinf{||£i - x 2 \\}, supinf{||xi - x 2 ||} 

where Xi is taken in the unit ball of Cj, i = 1,2. Since unit balls of unital 
C*-subalgebras of B x are compact subsets (in the norm topology), d H 
defines a metric on [-B]^. Let r and th denote, respectively, the topolo- 
gies on [B]b 1 induced by f3 B and dn- We are going to show r = t b . 
Consider the identity map id : ([B] Bi ,t) — > ([B] Bl , th)- First we show 
id is continuous. Since U(-Bi)/Stab(i?i, B) is endowed with the pull 
back topology from the quotient map 7i : U(£>i) — > U(-Bi)/Stab(_B!, B) 
where U(i?i) is taken with the norm topology, id is continuous if and 
only if the map 

^OTT-.UiB^^dB^TH) 

is continuous. Take (u n ) n >i a sequence in U(Bi) and a unitary u in 
U(.Bi) such that lim n \\u n — u\\ = 0. We need to show 

limdH^i? 1 o n(u n ), fig 1 o tc(u)) = limdH(Mri-BM^,, uBu*) = 0. 

Take n such that \\u n — u\\ < e/2 for all n > n . For any b in the unit 
ball of B and any n > no, we have 

\\u n bu* — ubu*\\ < e. 
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Thus, for n > n 

sup inf ||xi — X2II < £ 

and 

sup inf — x 2 \\ < e, 

where x 2 is taken in the unit ball of u n Bu* n and x\ is taken in the unit 
ball of uBu*. Hence id : ([B]b 1 ,t) — > ([B]b 1 ,th) is continuous. Lastly, 
since id is bijective, ([B]b 1 ,t) is compact and ([B]b 1 ,th) is Hausdorff, 
we conclude that id is a homeomorphism. Thus r = th- 

Now that we know [B}b 1 is a manifold, we want to find its dimension. 
Since by construction [B] Bl is diffeomorphic to U(S 1 )/Stab(S 1 , S), 
dim[S] Bl = dimU(i?i) — dimStab(i?i, B). Thus we only need to find 
dim Stab(Si,S). 

Notation 4.4. Whenever we take commutators they will be with re- 
spect to the ambient algebra Mjv, in other words for a subalgebra A in 
*-SubAlg(M w ) 

A' = {x G : xa = ax, for all a in A}. 

Recall that C(A) denotes the center of A i.e. 

C(A) = A n A' = {a e A : xa = ax for all x in A}. 

Proposition 4.5. For any B x in *-SubAlg(M Af ) and for any B in 
*-SubAlg(_B!) 7 we have 

dim Stab (Si, B) = dimU(S) + dimU(Sx n B') - dimU(C(S)). 

Proof. We'll find a normal subgroup of Stab(S l5 S), for which we can 
compute its dimension and that partitions Stab(Si,S) into a finite 
number of cosets. Let G denote the subgroup of Stab(Si, B) generated 
by U(SinS') and U(S). Since the elements of U(S) commute with the 
elements of U(Si H S'), a typical element of G looks like vw, where v 
lies in U(S) and w lies in V(B 1 fl S'). Taking into account compactness 
of U(S) and U(S! fl S'), we deduced G is compact. 

Now we show G is normal in Stab(Si,S). Take u an element in 
Stab(S!, B). For a unitary f in U(S) it is immediate that uvu* lies in 
U(S). For a unitary w in U(S! flS'), the following computation shows 
uwu* belongs to U(Si fl S'). For any element b in B we have: 

(uwu*)b = uw(u*bu)u* = u(u*bu)wu* = b(uwu*), 

where in the second equality we used u*bu lies in S. In conclusion uGu* 
is contained in G for all u in St(B 1 , B) i.e. G is normal in Stab(Si, B). 
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As a result Stab(£>i, B)/G is a Lie group. The next step is to show 
Stab(Bi,B)/G is finite. Decompose B as 

B = ®' i=1 ®f =1 B(i,j), 

where for all i there is k\ such that for 1 < j < Ji, B(i,j) is *- 
isomorphic to M^. For the rest of our proof we fix a family, j3(i,j) : 
B(i,j) — > M*.-, of ^-isomorphisms. 

An element u in Stab(I?i,-B) defines a ^-automorphism of B by 
conjugation. As a consequence, Propositions 12.11 and 12.21 imply there 
are permutations cxj in Sj. and unitaries Vj in U(®^ =1 B(i,j)) such that 

WbeB : ubu* = vip(b)v* (1) 

where v = ®{ =1 Vi is a uitary in U(B) and ijj = ©f =1 ^ is a *- 
automorphism in Aut(B) (the maps ip depends on the family of *- 
isomorphisms (3(i,j) we fixed earlier). Equation ([1]) is telling us im- 
portant information. Firstly, that ip extends to an ^-isomorphism of 
B\ and most importantly, this extension is an inner ^-automorphism. 
Fix a unitary in U(Bi) such that ip(b) = AdU^(b) for all b in B 
(note that may not be unique but we just pick one and fix it for 
rest of the proof ). From equation ([I]) we deduce there is a unitary w 
in U(£>i fl B') satisfying u = vll^w. Since the number of functions if), 
that may arise from (pQ), is at most J\\ • • • J/!, we conclude 

|Stab(fi 1 ,fi)/G| < ■ ■ • J[\ 

Now that we know Stab(i?i, B)/G is finite we have dimStab(I?i, B) = 
dimG, and Corollary 13.41 gives the result. □ 

From Proposition 14.51 and Remark |4. 3 [ we get the following corollary. 

Corollary 4.6. For any Bi in *-SubAlg(Mjy) and any B in *-SubAlg(5 1 ) ; 

we have 

dim[B) Bl = dimU(Bi) - dim 0(5' n B x ) + dimV(C(B)) - dimU(fi) 

Now we focus our efforts on Y(B 2 ; B). 

Proposition 4.7. Assume Y(B 2 ;B) ^ 0. Then Y(B 2 ;B) is a finite 
disjoint union of embedded submanifolds o/U(Mjv). For each one of 
these submanifolds there is u G Y(B 2 ;B) such that the submanifold's 
dimension is 

dimStab(M JV , J B) + dimU(5 2 ) - dimStab(S 2 , u*Bu). 
Using Proposition ^.^ the later equals 

dimV(B') + dim 0(52) - dimU( J B 2 n u*B'u). (2) 
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Proof. We'll define an action on Y(B 2 ; B) which will partition Y(B 2 ; B) 
into a finite number of orbits, each orbit an embedded submanifold 
of dimension ([2]) for a corresponding unitary. Define an action of 
Stab{M N ,B) x U(B 2 ) on Y(B 2 ; B) via 

(w, v).u = wuv* . 

For u G Y(B 2 ] B) let 0{u) denote the orbit of u and let O denote the 
set of all orbits. To prove O is finite consider the function 

if-.O -> *-SubAlg(5 2 )/~ B2 , 

<p(0(u)) = [u*Bu] B2 . 

Firstly, we need to show ip is well defined. Assume u 2 G 0{ui) and 
take (w,v) G Stab(M„,£>) x U(B 2 ) such that u 2 = wu\V*. From the 
identities 

u 2 Bu 2 = vuiw* BwuiV * = vuiBuiV* 

we obtain [u 2 Bu 2 ]b 2 — [uiBu]\ B2 . Hence if is well defined. 

The next step is to show if is injective. Assume if[0{u\)) = if(0(u 2 )), 
for 1*1,1*2 G Y(B 2 ;B). Since [u\Bui\b 2 = [ u 2 Bu 2 ]b 2 , we have u 2 Bu 2 = 
vu\Bu\V* for some v G U(B 2 ). But this implies u x v*u 2 G Stab(Mjv, B) 
so if w = u\v*u 2 we conclude (w,v).u 2 = u\ which yields 0{u\) = 
0{u 2 ). We conclude \0\ < |*-SubAlg( J B 2 )/ ~s 2 | < oo. 

Now we prove each orbit is an embedded submanifold of U(Mjv) 
of dimension ([2]). Since Stab(M n ,I?) x V(B 2 ) is compact, every orbit 
0{u) is compact. Thus, Proposition 13.31 implies 0{u) is an embedded 
submanifold of U(Mjv), diffeomorphic to 

(Stah(M N ,B) x U(S 2 ))/Stab(u) 

where 

Stab(ix) = {(w, v) G Stab(Miv, B) x U(B 2 ) : (it;, u).u = u}. 

Since 

(w, v).U = U <^ U7Ui>* = U M*W1i = V, 

we deduce the group Stab(w) is isomorphic to 

V(B 2 ) n KStab(M iV , J B)u], 
via the map (w, v) v. A straightforward computation shows 

u*Stab(M7v, B)u = Stab(M N ,u*Bu), 
for any u G U(Mjv)- Hence, for any w G ^(-82; -B), 
dim = dim Stab(M w , B) + U(B 2 ) - dim U(B 2 ) n Stab(Mjv, u*Bu). 
Lastly, one can check U(B 2 ) n Stab(Mjv, = Stab( J B 2 , u*5u). □ 
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Notation 4.8. For a unital C*-subalgebra B of Bi, with the property 
that B is unitarily equivalent to a C*-subalgebra of B 2 , or in other 
words Y(B 2 ; B) is nonempty define 

d(B) := dim[S] Bl + max{dim Y;(.B 2 ; 5)}, 

i 

where Yi(B 2 , B), . . . , Y r (B 2 ; B) are disjoint submanifolds of U(Mat) 
whose union is Y(B 2 ;B). 

As we mention at the beginning of this section, in order to prove The- 
orem UTJ we need to parametrize each Z{B\, B 2 \ \B\bA with a number 
of coordinates less than N 2 . The number of coordinates will be given 
by d(B). Thus the next step is to show that, under the hypothesis of 
Theorem 14.11 we have d(B) < N 2 for B ^ C. We will later see that it 
suffices to show d(B) < N 2 for B ^ C and B abelian. 

Before we proceed, we recall definition of multiplicity of of a rep- 
resentation. The following lemma combines Lemma III. 2.1 in jS] and 
Theorem 11.9 in [T4] . 

Lemma 4.9. Suppose if : A\ — > A 2 is a unital *-homomorphism and 
Ai is isomorphic to ©^ =1 M^j), (i = 1,2). Then (p is determined, up 
to unitary equivalence in A 2 , by an l 2 x l ± matrix, written \i = fi(<f)) = 
fj,(A 2 ,A 1 ), having nonnegative integer entries such that 



- ha) - 




- Afa(l) ■ 


. h{h) . 




. k 2 (l 2 ) . 



We call this the matrix of partial multiplicities. In the special case when 
if is a unital * -representation of A\ into Mat, n is a row vector and this 
vector is called the multiplicity of the representation. One constructs \x 
as follows: decompose A p as 

A p = ®f =1 A p (j) 

where each A p (j) is simple, p = 1,2, 1 < j ' < l p . Taking projections, tt 
induces unital * -representations 7Tj : A\ — > A 2 (i), 1 < i < l 2 . But up 
to unitary equivalence, iii equals 

id^^i) © • • ■ © id Al m © ■ • • © id Al / h ) © ■ ■ • © id Al r h ) 

V v ' v v ' 

mil — times TfH,U~ times 

for some nonnegative integer m^j, 1 < j < l\. Set fi[i,j] := vn^j. In 
particular, fi[i,j} equals the rank ofiTi(p) G A 2 (i), where p is a minimal 
projection in Ai(j). Clearly, n is injective if and only if for all j there 
is i such that fJ>[i,j] ^ 0. 
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Furthermore, the C* -subalgebra 

A 2 fl (p(Ai)' = {x G A 2 : x<£>(a) = <£>(a)x /or all a G Ax} 

^-isomorphic to ^f =1 ©^=i onc ^ */ ^ e ^ fl,ue morphisms A\ — > 

A 2 A 3; £/ien /i(A 3 , A 2 )//(A 2 , A x ) = n{Az,Ai) for the corresponding 
matrices. 

Our next task is to show d(B) < N 2 , for abelian B ^ C. We prove 
it by cases, so let us start. 

Lemma 4.10. Assume Bi is ^-isomorphic to M^, (i = 1,2) and let 
k = gcd(/cx, k 2 ). Take B a unital C* -subalgebra of B\ such that it is 
unitarily equivalent to a C* -subalgebra of B 2 . Then there is an injective 
unital * -representation of B into M k . 

Proof. Take u in Y(B 2 ;B) so that u*Bu C B 2 . Let rrii := fj,(M N ,Bi), 
so that rriiki — N, (i — 1,2). Find positive integers p\ and p 2 such 
that k\ = kpi and k 2 = kp 2 Assume B is *-isomorphic to ©j =1 M nj . 
To prove the result it is enough to show there are positive integers 
(m(l), . . . m{l)) such that 

nim(l) + • • • + nim(l) = k. 

Let 

//(£?!,£) = [m 1 (l),...,m 1 (l)], 
H(B 2 , u*Bu) = [m 2 (l), . . • , m 2 (l)\. 

Since /x(Mjv, Bi)/i(Bi, B) = /i(Mn, B 2 )fj,(B 2 ,u*Bu) we deduce that 
mimi(j) = m 2 m 2 (j) for all 1 < j < /. Multiplying by and using 
N — m\k\ = m 2 k 2 we conclude 

N N 

— mi(j) = fcmimi(j) = km 2 m 2 (j) = —m 2 (j), 

Pi P2 



Pi P2 



sop 2 mi(j) =piin 2 (j). Since gcd(pi,p 2 ) = 1, the number 
is a positive integer whose value we name m(j). From 

i i 
kpi = h = ^njin^j) = J^nj-m(7>i, 
j=i i=i 

we conclude k = Y^j=i n j m U)- ^ 

Proposition 4.11. Assume B 1 and B 2 are simple. Take B ^ C an 
abelian unital C* -subalgebra of B\, that is unitarily equivalent to aC* - 
subalgebra of B 2 . Then d(B) < N 2 . 
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Proof. Assume Bi is * -isomorphic to M^., (i = 1,2) and B is *- 
isomorphic to C', I > 2. Using Corollary 14.61 and Proposition 14.7} we 
may take u in Y(B 2 , B) such that d(B) equals the sum of the following 
terms, 



S l (B) 
S 2 (B) 
S 3 (B) 



dimU(Bi) -dimU(Bi HB'), 
dim U(S 2 ) - dimU(5 2 n u*B'u) 
dim 0(5'), 



Let k = gcd(ki,k2) and write k\ = kp±, k 2 = kp 2 . From proof of 
Lemma [4. 10} there are positive integers m(j), I < j < I, such that 

H(B X , B) = [m(l)pi, . . . , m(l)pi] 
H(B 2 , B) = [m(l)p 2 , • ■ • , m(l)p 2 }. 



Hence 



Si(B) = k\ -^m{ifp\ = k 2 p\ - ^m(i) 2 p? 



i=l i=l 
I I 

S 2 (B) = k 2 2 - ^m(z) 2 p 2 = kV 2 -J2 m ^ 2 Pl 

i=l i=l 

Let rrii = fi(M N ,Bi), {i = 1,2). Since 

fi(M N , B 1 )fi(B 1 , B) = fi(M N , B 2 )n(B 2 , u*Bu), 

we get 

fj,(M N ,B) = [m 1 p 1 m{l),...,m 1 p l m{l)} (3) 
= \m 2 p 2 m(l), . . . ,m 2 p 2 m(l)]. 

Hence 

S 3 (B) = '^2(m(i)p 1 m 1 )(m(i)p 2 m 2 ) = I ^m(i) 2 J pip 2 mim 2 . 

i=l \i=l J 

Factoring the term J2\=i m {i) 2 we get d(B) equals 

^m(z) 2 j (p 1 p 2 m 1 m 2 - p\ - pf) + k 2 (p\ +pj). 

On the other hand, using N = m\k\ = m\kp\ = m 2 k 2 = m 2 kp 2 , we 
get N 2 = k 2 p\p 2 m\m 2 . Hence d(B) < N 2 if and only if 

^2 m ( i ) 2 I {piP2fn 1 m 2 -pl~ pi) < k 2 (p 1 p 2 m 1 m 2 - p\ - p 2 2 ). (4) 

Ki=l J 
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We want to cancel [j>\p 2 m\m 2 — p\ ~ m equation (j4]), so we prove it 
is positive. First we divide it by p\p 2 to get miin 2 — ^ — j^. But from 
equation (F3l) we have — = — . Thus we need to show m\m 2 — — — — 

^ * — Y p2 mi 1 * ni2 mi 

is positive. If we divide it by m\m 2 we get 1 \ \. which is 

tin, 

clearly positive (recall that m\ > 2 and m2 > 2 since B\ ^ and 
B 2 7^ Mjy). Therefore, equation (J4]) is equivalent to 

^m(z) 2 < fc 2 . 

i=l 

But Yl\=i m (i) = k, I >2 and each m(i) is positive. □ 

In the nonsimple case in Theorem I4.1[ we will need some minimiza- 
tion lemmas to show d(B) < N 2 , for abelian B^C. A straightfroward 
use of Lagrange multipliers proves the following lemma, and the one 
after that is even more elementary. 

Lemma 4.12. Fix a positive integer n and let r±, . . . ,r n be positive 
real numbers. Then 



mm 



n o 



E, i>, ' 

j—l J j = i ) ^j=l ' 1 

where the minimum is taken over all n-tuples of real numbers that sum 
up to 1. 

Lemma 4.13. For an integer k > 2 define 

h(x,y) = 2xy- ( 1 + — )y 2 - \x 2 . 



k 2 ) v 2 
Then 

ma,x{h{x,y) \ 0<x<l,0<y< 1/2} = -- — 

Proposition 4.14. Suppose dimC(i?i) > 2 and B\ is ^-isomorphic 
to 

M N /^ mC {B 1 ) ffi • • ■ © M/V/dimC(Bi)- (5) 

Assume one of the following cases holds: 

(1) dimC(5 2 ) = I, 

(2) B\ is * -isomorphic to 

M N/2 ©Mjv/2, 

B 2 is * -isomorphic to 

M N/2 © M N/(2k) 

where k > 2. 
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(3) dim C(B 2 ) > 3 and B 2 is * -isomorphic to 

M N / dimC (B 2 ) © " " " © M N / dimC (B 2 )- 

Then for any B ^ C an abelian unital C* -subalgebra of Bi that is 
unitarily equivalent to a C* -subalgebra of B 2 , we have that d(B) < N 2 . 

Proof. Let k = dim 67(5,), (i = 1,2), I = dim(S). Take u in Y(B 2 ;B) 
such that d(B) is the sum of the following terms: 

Sx(B) := dimU(Si) - dimV(B l n B'), (6) 
S 2 (B) := dim\J(B 2 ) -dim\J(B 2 nu*B'u), (7) 
S 3 (B) := dimU(S'). (8) 

Write 

fl(Bi,B) = [Oij]l<i<Ji,l<j<J, 

n(B 2 ,u*Bu) = [bi,j]i<i<i 2 ,i<j<h 

H(M N ,B X ) = [mi(l), . . . ,r%(Zi)], 

fi(M N ,B 2 ) = [m 2 (l),...,m 2 (Z 2 )], 

fi(M N ,B) = [m(l),...,m(/)]. 

Then 

1 i=l J=l 

5 2 (B) = dimU(S 2 )-X;E 6 L' 

i=i j=i 

S 8 (fl) = £™(j) 2 . 

i=i 

Since the sum of the ranks appearing in (jSJ) is iV, we have mi(i) = 1 
for all 1 < i < l\. Since 

//(Mjv, 5) = /i(M N , B 1 ) f x(B 1 , B) = fi(M N , B 2 )fi(B 2 , u*Bu), 

we must have 

h h 

i=l i=l 

for all 1 < j ' < I. Hence there are nonnegative numbers a^j and 
such that J2i=i a i,j = Y,i=xPi,i = 1 and a iJ = a i,j m ti)i m 2{i)h,j = 
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Pi,j m (j)- On the other hand, since B is a unital C*-subalgebra of Mm 
we must have 

i 

Y^m{j) = N. 

i=i 

Thus, there are positive numbers jj, (1 < j < I), such that J2j=i lj = 1 
and m(j) = jjN. It will be important to notice that 7 3 - > for 
all 1 < J < Z ( otherwise B is not a unital C*-algebra of Mat). In 
consequence, 

Sl{ B) = ^-N^±;](f a l,)), 

S 2 (B) = dim U( B2 )-^(t7](i: Jp)), 

S S (B) = iV 2 (£ 7 jY 

Case (%). i?2 is simple, let us say it is ^-isomorphic to Mk 2 - In this case 
fi(MN, B2) = [777,2] is just one number and we must have 7772^2 = N. 
Notice that 777.2 > 2, since by our standing assumption, B 2 7^ Mm- 
Also notice that from fi(M N , B 2 )fi(B2,u*Bu) = fi(M N ,B) we obtain 
^2^,1 = Tn(i) and ^ 1 = 1 for all 1 < i < I. In consequence 

= f -^ 2 (e^(e<))> 

52(5) = ^|-^f(Ex 



3 



\ 3=1 / 



S 3 (£) 

From Lemma 14.121 we deduce 



AT2 TV 2 



Thus, it suffices to show 



2 

i=i 



< iV 2 
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1 1 \ 11 

< 1 



ml J l\ ml 



or equivalent ly 

Since U > 2 and mo > 2 we can cancel the term 1 — r s- Thus we 

need to show X^=i7| < 1- But the latter follows from the fact that 
I > 2, each 7j is positive and Y^j=\ Ij = 1- 
Case fUj. We have 

(m(M n ,B 1 ) = [1,1], 
fi{M N ,B 2 ) = [l,k]. 

Thus 

S l( B) = ^-JV 2 (E^(<+^)). 
«*> " ^"^E^f)), 

s 3(B ) = W£.A 

\ jf=l / 

From Lemma 14.121 we obtain 



Thus, it suffices to show 

l 



7 = 1 \ / 



or, equivalent ly, 



7 = 1 V 7 



1 1 

< 4 ~ 4A-2" 



Define 



i=i ' 7 
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Now we use the constraints on the variables jj and fyj. First of all we 
have Pij + 02 j = 1 for all 1 < i < I. Thus, r simplifies to 



r = 

j 

We also have 

/ 



E<^-(i + i)A-i). 



I>.^ = \- ( 10 ) 



2 



Indeed, since all blocks of B are one dimensional, we must have 

i 

2k 



X^h N 



3=1 



But kb2j = p2jm(J) = p2jJjN, which implies ( JTUl) . The final con- 
straint is Y^j=ilj = 1- 

Now we make the change of variables qj := Jjfaj and r becomes 

( 1+ W(£*)-K£4 

Letting 7 = (71, . . . , 7i) and q = (qi, ■ ■ ■ ,qi) and using the Cauchy- 
Schwartz inequality, we get 

1\„ „ 2 1„ , ia 



r<2||g|| 2 ||7|| 2 -(l + -l||g^--||7^ 



Set x = ||7||, ?/ = Notice that < x < 1 and < y < 1/2. Take 

n 2 1 

P > ~2 ? 



y) = 2xy- ( 1 + J - \y 2 



apply Lemma 14.131 to get 

>"<Mll7ll,IMI)< 

Now we will rule out equality. Assuming, for contradiction, r = | — jp, 
we must have equality in the instince of the Cauchy-Schwartz inequal- 
ity. Hence q = 27 for some real number z. Summing over the coordi- 
nates we deduce 2 = 1/2 and then, for all 1 < j ' < I, 

_ 7i = qj = lj f3 2J . 
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Since jj > we can cancel and get 02,j = 1/2. Thus, using the original 
formulation Q of r, we get 




which is strictly less that 1/4 — l/(4k 2 ), because k > 2, I > 2, all 7^ 
are strictly positive and Y^j=ilj = 1. 

Case (3). Then B 2 is * -isomorphic to 

M N/h © • • • © M N/h . 
s v ' 

I2 —times 

Arguing as we did before for 777.1(7), we have 777.2(2) = 1, for all 1 < i < /2- 
Hence 

aw - £-^E<f>l)> 

2 V J=1 V i=i / / 

S.,(B) = ** (£■)?). 

\ j = l / 

From Lemma 14.121 we deduce 
Thus, it suffices to show 

^(^^E^K^)-K^))^ 2 

or equivalently 

Since /1 > 2 and lo > 3 we can cancel the term 1 — ^- — ^- in the above 
equation and finish the proof as in the previous case. □ 
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The next step is to find parameterizations of Z(Bi,B 2 ; [B]b 1 ). 

Lemma 4.15. Take B/C « unital C*-subalgebra of B\ that is uni- 
tarily equivalent to a C* -subalgebra of B 2 . If dimV(B 1 ) + dim U(B 2 ) < 
N 2 , B is simple and C in *-SubAlg(_B) is ^-isomorphic to C 2 , then 
d(B)<d(C). 

Proof. Assume B is *-isomorphic to and let m denote the multi- 
plicity of B in Mjy. Thus we must have km = N. Take a unitary u in 
the submanifold of maximum dimension in Y(B 2 ;B), so that d(B) is 
the sum of the terms 

S^B) := dimU(Bi) -dimU(£i ClB'), 

S 2 (B) := dimU(S 2 )-dimU(S 2 nu*S'u), 

S 3 (B) := dimU(S'), 

S 4 (B) := dimU(SnS') -dimU(B). 

and let v lie in the submanifold of maximum dimension in Y(B 2 , C) so 
that d(C) is the sum of the terms 

Si(C) := dimU(Si)-dimU(SinC"), 
S 2 (C) := dimU(B 2 ) -dim U(B 2 Civ*C'v), 
S 3 {C) : = dimU(C'). 

Clearly S 4 (B) = 1 - k 2 . We write 

Bi ^ 0M fel(j)) 
i=i 

5 2 ~ 0M fc2(l) . 

and 

<f(Bi) = [A^l),...,*^)]', 
<5(5 2 ) = [^(l),...,^)]'. 

From definition of multiplicity and the fact that it is invariant under 
unitary equivalence we get 

f i(B 1 ,B)k = 8(B 1 ), (11) 

fi(B 2 ,u*Bu)k = 5(B 2 ), 

f i(M N ,B 1 )5(B 1 ) = fi(M N ,B 2 )5(B 2 ) = N, 

f i(M N ,B 1 )i2(B 1 ,B) = fi(M N ,B 2 )fi(B 2 ,u*Bu)=m. 
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From Lemma 14.91 and equation (TTTi) we get 

1 
~k 



dimU(Si r\B f ) = — dim U(#i). (12) 



Hence 



Similarly 



S.iD) = { 1-1 jdiniUd?,.). 



^(5)= f 1 -^) dimU(5 2 ). 
Now it is the turn of C. To ease notation let 

fi{B,C) = [x 1 ,x 2 ] 
Notice that x\ + x 2 = k. We claim 

Si(C)= (l-^±M) dimU^). 

Using fJL(B u C) = n{B x ,B)ii{B,C) we get 

dim 0(5! n C") = {x{ + a^) dimU(5i n B'). 
Furthermore using ffl2|) we obtain 

dimU(5i n C") = ^Xf 2 dimU(Si). 
Hence our claim follows from definition of Si(C). Similarly 

S- 2 (C) = (l - dimU(5 2 ). 



Lastly from ^(Mjv, C) = [ma; 1 ,mi2] and mfc = N we get 

AT2 



5 3 (C) = (^ + 4) — , 



To prove d(B) < d(C) we'll show 

Sx(B) - Sx(C) + S 2 (B) - S 2 (C) + S 4 (B) < S 3 (C) - S 3 (B). (13) 

Using the description of each summand we have that left hand side of 
(TLB"!) equals 



2 2 1 / 

rT Ir^- ( dimU(Bi) + dimU(5 2 



k 2 V 



1-k 2 . 
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The right hand side of (JTHJ) equals 

But Xi and £2 are strictly positive, because C is a unital subalgebra of 
B. Hence we can cancel x\ + x\ — 1 and finish the proof by using that 
1 - 5(B) 2 < and the assumption dim V(Bi) + dim V{B 2 ) < N 2 . □ 

We recall an important perturbation result that can be found in 
Lemma III. 3. 2 from [5]. 

Lemma 4.16. Let A be a finite dimensional C* -algebra. Given any 
positive number e there is a positive number 5 = 5(e) so that whenever 
B and C are unital C*-subalgebras of A and such that C has a system 
of matrix units {ec{s, i,j)} s ,i,j, satisfying dist(e<7(s, i, j), B) < 5 for all 
s,i and j , then there is a unitary u in U(C*(B,C)) with \\u — 1|| < e 
so that uCu* C B. 

Notation 4.17. For an element x in and a positive number e, 
Af e (x) denotes the open e-neighborhood around x (i.e. open ball of 
radius e centered at x), where the distance is from the operator norm 
in M N . 

The next proposition is quite technical and is mainly a consequence 
of Lemma 14. 161 The set [B]b 1 is endowed with the equivalent topologies 
described in Remark 14.31 

Lemma 4.18. Take B in ^-SubAlg^i) and assume Z(Bi,B 2 ; [B]bA 
is nonempty. Then the function 

Z(B 1 ,B 2 ;[B] Bl ) -> [B] Bl (14) 
u h-). uB 2 u* n B 1 

is continuous. 

Proof. Assume B is *-isomorphic to 

1 

s=l 

First we recall that the topology of [B] Bl is induced by the bijection 

P : [B] Bl -> U(Bi)/Stab(Si,B), 
f3(uBu*) = uStab(B u B). 

For convenience let 7r : V(Bi) — > U(i?i)/Stab(_Bi, B) denote the canon- 
ical quotient map. Pick w in Z(Bi, B 2 ; [B] Bl ). With no loss of gener- 
ality we may assume B = u B 2 Uq fl B\. 
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We prove the result by contradiction. Suppose the function in ( 114"]) is 
not continuous at u . Then there is a sequence (uk)k>i C Z(Bi, B 2 , [B) Bl ) 
and an open neighborhood M of .B in [-B]^ such that 

(1) \mx k u k = m , 

(2) for all k, u k B 2 u* k (1 B 1 ^ Af. 

On the other hand, let e > be such that n(ftf £ (l Bl )) C f3(J\f). Let 
{efc(s, j)}i<s<i,i<i,j<fe s denote a system of matrix units for u k B 2 u* k D 
JBx. Fix elements fk(s,i,j) in S 2 such that e k (s,i,j) = u k f k (s,i, j)u* k . 
Since _B 2 is finite dimensional, passing to a subsequence if necessary, 
we may assume that lim^ fk(s, = f(s, for all s, i and j. Using 
property (1) of the sequence (uk)k>i, we deduce 

lime fe (s,z,j) = \imu k f k (s,i, j)u* k = u f(s,i,j)u* . 

k k 

Hence the element e(s, = u f(s, i,j)u* belongs to UqBiUqDBi = B. 
Use Lemma 14.161 and take 8\ positive such that whenever C is a subal- 
gebra in *-SubAlg(£>i) having a system of matrix units {ec(s, i,j)} s ,i,j 
satisfying dist(ec(s, B) < Si, for all s, i and j, then there is a uni- 
tary Q in U(.Bi) such that ||Q - l fl J < e and QCQ* C B. Take k 
such that ||efc(s,i,j) — e(s,i,j)\\ < Si for all s,i and j. This implies 
dist(efc(s, B) < Si for all s, i and j. We conclude there is a unitary 
Q in U(5i) such that \\Q - l Bl \\ < e and Q*{u k B 2 u* k n B X )Q C 5. But 

dimi? = dimufc_B 2 ?4 H -Bi = dimQ*(ufc_B 2 Mfc H Bi)Q, 

where in the first equality we used that u k lies in Z(B 1 ,B 2 ; [B] Bl ). 
Hence Q* {u k B 2 u* k fl B X )Q = B. As a consequence, 

f3(u k B 2 u* k n Si) = /3(Q5Q*) = tt(Q) G /3(AT). 

But the latter contradicts property (2) of (u k ) k >i. □ 

Lemma 4.19. For B in *-SubAlg(.B), the function c : [-B] Bl — > [C(S)] Bl 
gwen fry c(uBu*) = uC(B)u* is continuous. 

Proof. First, we must show the function c is well defined. In other 
words we have to show Stab(Bi, B) C Stab(Bi,C(B)). But this fol- 
lows directly from the fact that any u in Stab(_Bi,.B) defines a *- 
automorphism of B and any *-automorphism leaves the center fixed. 
Since [B] Bl and [C(B)] Bl are homeomorphic to U(S 1 )/Stab(Si, B) and 
U(Si)/Stab(Si, C(B)) respectively, it follows that c is continuous if 
and only if the function c : U( J B 1 )/Stab(B 1 , B) -»■ U(B 1 )/Stab( J B 1 , C(B)) 
given by c(itStab(Si, £?)) = uStab(Bi,C(B)) is continuous. But the 
spaces U(Bi)/Stab(Bi,S) and U(Si)/Stab(Si, C(B)) have the quo- 
tient topology induced by the canonical projections 

■k b : U(Bi) -> Stab(Si, B), it C (B) ■ U(£i) -> U(fli)/Stab(Bi, C(B)). 
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Thus c is continuous if and only if ttb ° c is continuous. But ttb ° c = 
TTctB), which is indeed continuous. □ 

We are ready to find local parameterizations of Z(Bi, B 2 \ [B]b 1 )- 

Proposition 4.20. Take B a unital C* -subalgebra in B\ that is unitar- 

ily equivalent to a C* -subalgebra of B 2 . Fix an element uq in Z(B\, B 2 ; [B]b 1 ). 

Then there is a positive number r and a continuous injective function 

* : K(u ) H Z(B 1 ,B 2 ; [B} Bl ) -> 

Proof. Using that Z(B U B 2 ; [B] Bl ) = Z(B U B 2 , [u B 2 u* n B 1 ] Bl ), with 
no loss of generality we may assume uqB 2 Uq Pi B\ — B. Now, we use 
the manifold structure of [C(B)] Bl and Y(B 2 ;C(B)) to construct 
Note that if Y(B 2 ,B) is nonempty then Y(B 2 ,C(B)) is nonempty as 
well. Let d\ denote the dimension of [C(B)]b 1 and let d 2 denote the 
dimension of the submanifold of Y(B 2 ;C(B)) that contains Uq. Of 
course, we have d\ + d 2 < d(C(B)). 

We use the local cross section result from previous section to parame- 
trize [C(B)) Bl . To ease notation take G = U(Si), H = Stab(fi 1 , C(B)) 
and let 7r denote the canonical quotient map from G onto the left-cosets 
of H. By Proposition 13.51 there are 

(1) Me-, a compact neighborhood of 1 in G, 

(2) Mh-i a compact neighborhood of 1 in H, 

(3) Mg/Hi a compact neighborhood of 7r(l) in G/H, 

(4) a continuous function s : Ng/h No satisfying 

(a) s(7r(l)) = 1 and it(s('K(g))) = ir(g) whenever 7i(g) lies in 

Af G/H , 

(b) the function 

Mh x Ng/h -> A/g, 

(h,n(g)) ^ hs(-K(g)), 

is an homeomorphism. 

Since G/if is a manifold of dimension we may assume there is a 
continuous injective map \&i : Mg/h ^ dl - 

Parametrizing Y(B 2 ;C(B)) is easier. Since u B 2 Uq fl B\ = B, u 
belongs to Y(B 2 ;B). Take n positive and a diffeomorphism \l/2 from 
K(S 2 ; C(-B)) n A/" ri (M ) onto an open subset of R di . 

Now that we have fixed parametrizations ^1 and ^ 2 , we can param- 
etrize Z(Bi, B 2 ;[B]b 1 ) around uq. Recall [C(B)] Bl has the topology 
induced by the bijection (3 : [C{B)\ Bl ->■ G/if, given by f3(uC(B)u*) = 
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ir(u). The function 

Z(B 1 ,B 2 ;[B] Bl ) -> [C(B)] Bl , 

u ^ c(uB 2 u* n Bi) 

is continuous by Lemma 14.181 and Lemma 14.191 Hence there is S 2 
positive such that (3(c(uB 2 u* PI Si)) belongs to Ng/h, whenever u 
lies in the intersection Z(B 1 , B 2 ;[B] Bl ) nj\fs 2 (u ). For a unitary u 
in Z[B X , S 2 ; [B] Bl ) n Afs 2 (u ) define 

q(u) := s((3(c(uB 2 u* n Si))). 

We note that q(u ) = 1, q{u) lies in G and that the map u h> g(-u) is 
continuous. The main property of q(u) is that 

c(uB 2 u* n Si) = g(«)c(B)g(«)*. (15) 

Indeed, for it in Z{B\, S 2 ; [S]i) flA/fo^o) there is a unitary t> in G with 
the property uB 2 u*HB 1 = vBv*. Hence c(uS 2 nSi) = vC(B)v*. Since 
||«— tto|| < <^2, (3(c(uB 2 u*nB 1 )) lies vo.Mg/h- Hence /3(c(MS 2 M*flSi)) = 
7r(t>) lies in Mg/h- Using the fact that s is a local section on Mg/h 
(property (4a) above) we deduce tz{s{tt{v))) = ir(v) . 
On the other hand, by definition of q(u) we have 

7r(s(7r(u))) = tt(s(/3(uB 2 u* n Si))) = ir{q(u)). 

As a consequence, 7r(t>) = ir(q(u)) i.e. v*q{u) belongs to Stab(Si,S) 
which is just another way to say (jl~5l) holds. At last we are ready to 
find r. Continuity of the map u i— > q(u) gives a positive S3, less that #2, 
such that ||g(w) — 1|| < y whenever u lies in Z(B\, B 2 ; [B] Bl )nJ\fs 3 (uo)- 
Define r = min{y , 53}. The first thing we notice is that q(u)*u belongs 
to Y(B 2 ; C(S)) nM 5l (u ) whenever u lies in Z(B U S 2 ; [B) Bl )nJ\f s (u ). 
Indeed, from 

q(u)c{B)q(u)* = c(uB 2 u* n Si) C wS 2 «* 

we obtain q(u)*u G F(S 2 ;c(S)) and a standard computation, using 
\\q(u) — 1|| < y, shows ||g(w)*M — «o|| < Si. Hence we are allowed to 
take ^ 2 (q(u)*u). Lastly, for u in Z{B X ,B 2 ; [B) Bl ) nJ\fs(u ) define 

:= (*i(/3(c(«S 2 «*nSi))),* 2 ( g ( U )w*)). 

It is clear that \1/ is continuous. 

Now we show \1/ is injective. If \I/(ui) = ^(u 2 ), for two element ui 
and u 2 in Z(Si,S 2 ; [S] Bl ), then 

#i(/3(c(uiS 2W *nSi))) = *i(/3(c(« 2 S 2 ^nSi))), (16) 
■* 2 {q{ui)ul) = V 2 (q(u 2 )u* 2 ). (17) 
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From ( Tl6i) and definition of q{u) it follows that q{ui) = q{u 2 ) and from 
equation fTT7|) we conclude U\ = u 2 . □ 

Proposition 4.21. Take B a unital C* -subalgebra of Bi such that it 
is unitarily equivalent to a C* -subalgebra of B 2 . Fix an element uq in 
Z^B^IB]^). 

There is a positive number r and a continuous injective function 

* : K(u ) H Z(B h B 2 ; [B] Bj ) -> R d{B) 

The proof of Proposition 14.211 is similar to that of Proposition 14. 20} 
so we omit it. 

We now begin showing density in U(Mjv) of certain sets of unitaries. 

Lemma 4.22. Assume B\ and B 2 are simple. If B ^ C is a unital 
C* -subalgebra of B\ and it is unitarily equivalent to a C* -subalgebra of 
B 2 then Z(Bi,B 2 ; [B]b 1 )° is dense. 

Proof. Firstly we notice that dimU(5i) + dimU(-B2) < N 2 . Indeed, 
if Bi is ^-isomorphic to M^, % = 1,2 and rrii = /i(Mjv,-Bj) then 
dimU( J B 1 ) + dimU(52) = N 2 (l/m 2 2 + 1/m 2 ) < N 2 . Secondly we will 
prove that for any u in Z(Bi, B 2 ; [B]b 1 ) there is a natural number d u , 
with d u < N 2 , a positive number r u and a continuous injective function 
^ u : Af ru {u) n Z(B t , B 2 ; [B} Bl ) R du . We will consider two cases. 

Case (1): B is not simple. Take d u = d{C(B)). Since C(B) ^ C, 
Proposition 14.111 implies d(C(B)) < N 2 . Take r u and as required 
to exist by Proposition 14.201 

Case (2): B is simple. Take d u = d(B). Since B ^ C, B contains a 
unital C*-subalgebra isomorphic to C 2 , call it C. Lemma [4.151 implies 
d(B) < d(C) and Lemma SXQ implies d(C) < N 2 . Take r u and * u 
the positive number and continuous injective function from Proposition 

We will show that U PI Z(Bi,B 2 ; [B]b 1 ) c ^ 0, for any nonempty 
open subset U C U(Mat). First notice that if the intersection U fl 
(U u ez(Bi b 2 -[b] b )Nr u (u)) c is nonempty then we are done. Thus we 
may assume U C \J ueZ {B 1 b 2 -[b] b )N ru (u). Furthermore, by making U 
smaller, if necessary, we may assume there is u in Z{B\, B 2 ; [B]b 1 ) such 
that U C Af ru {u). 

For sake of contradiction assume U C Z(Bi, B 2 ;[B] Bl ). We may 
take an open subset V, contained in U, small enough so that V is 
diffeomorphic to an open connected set O of R N . Let <p : O -)> V be 
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a diffeomorphism. It follows we have a continuous injective function 
Rjv 2 d o — V — R*»c >. M^v 2 . 

By the Invariance of Domain Theorem, the image of this map must 
be open in ¥L N . But this is a contradiction since the image is contained 
in R d " and d u < N 2 . We conclude U n Z(B U B 2 ) [B] Bl ) c ^ 0. □ 

Lemma 4.23. Suppose dimC(Si) > 2 and B\ is ^--isomorphic to 

^JV/dimC(Bi) © " " " © M N / dim c^Bj ) • 
Assume one of the following cases holds: 

(1) dimC(5 2 ) = 1, 

^ i?i zs ^-isomorphic to 

M N/2 © Mjy/2 

and £> 2 «s * -isomorphic to 

M N/2 @M N/{2k)} 

where k > 2. 
(3) dimC(i?2) > 3 and B 2 is ^-isomorphic to 

M N / AimC (B 2 ) © • • ■ © M N / dimC (B 2 )- 

Then for any 5 ^ C unital C* -subalgebra of B\ such that it is unitarily 
equivalent to a C* -subalgebra of B 2 , Z(Bi,B 2 ; [B]b 1 ) c is dense. 

Proof. The proof of Lemma 14.231 is exactly as the proof of 14.221 but 
using Lemma 14.141 instead of Lemma 14.111 . □ 

At this point if the sets Z(Bi,B 2 ; [B] Bl ) were closed one could con- 
clude immediately that A(Bi,B 2 ) is dense. Unfortunately they may 
not be closed. What saves the day is the fact that we can control the 
closure of Z(Bi,B 2 ; [B]b 1 ) with sets of the same form i.e. sets like 
Z(Bi, B 2 ; [CJbJ for a suitable finite family of subalgebras C. We make 
this statement clearer with the definition of an order on *-SubAlg(5i). 

Definition 4.24. On *-SubAlg(5 1 )/ ~ Bi we define a partial order as 
follows: 

[B] Bl < [C] Bl 3D e *-SubAlg(C) : D ~ Bl B. 
Proposition 4.25. For any B in *-SubAlg(I?i), 

Z(B u B 2 ;[B] Bl )C |J Z(B 1 ,B 2 ;[C] Bl ). 

[C] Bl >[B} Bl 
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Proof. Let (uk)k>i be a sequence in Z(Bi,B 2 ; [-B]bJ and u in U(Mjv) 
such that linifc \\uk — u|| = 0. Pick q k in U(Mtv) such that q k Bq k = 
UkB 2 u* k fl -Bi. Let {fk(s, i, j)} s ,ij be a matrix unit for u k B 2 u\ fl £>i 
and take elements ek(s,i,j) in £? 2 such that fk(s,i,j) = Ukek{ s ihj) u k- 
Since B 2 is finite dimensional, passing to a subsequence if necessary, we 
may assume lim fc f k (s, i, j) = f(s,i,j) G B 2 and hm k u k e k (s, i, j)u* k = 
ue(s,i, j)u* for some e(s,i,j) E B x , for all s, i and j. It follows that 
limfc dist(/fc(s, uB 2 u* PI B\) = 0. Hence, from Lemma T4.161 for 
large k, there is q in V(M N ) so that q(ukB 2 u* k fl -Bi)g* = qqkBq* k q* is 
contained in uB 2 u* fl £>i. We conclude [-u£> 2 u* H -Bi]^ > [B]b 1 and 
since u lies in Z(Bi, B 2 \ [uB 2 u* fl B\\) the proof is complete. □ 

Lemma 4.26. Assume one of the following conditions holds: 

(1) dim C{B 1 ) = 1 = dimC(£ 2 ) ; 

(2) dimC(-Bi) > 2, dimC(5 2 ) = 1 and Bi is * -isomorphic to 

A^AT/dimC(Bi) © • • • © M N / dimC(Bi)> 

(3) dimC(i?i) = 2 = dimC(£> 2 ), B\ is ^-isomorphic to 

M N/2 ®M N/2 , 
and B 2 is * -isomorphic to 

M N/2 © M N/[2k) 

where k > 2, 

(4) dimC(Bi) > 2, dimC(S 2 ) > 3 and, for i = 1,2, S 4 *- 
isomorphic to 

M N / dim C{Bi) © " " " © M N / dim C(Bi)- 

Take B a unital C* -subalgebra of B\ such that it is unitarily equivalent 

C 

to a C* -subalgebra of B 2 . If Z(B 1 , B 2 \ [-BjsJ is not dense and B ^ 
C then there is a subalgebra C in *-SubAlg(I?i) such that [C]b 1 > [B]b- l 

C 

and Z(Bi,B 2 ; [C]bi) is not dense. 

C 

Proof. We proceed by contrapositive. Thus, assume Z(Bi,B 2 ; [Cj^J 
is dense for all [C]b 1 > [B]b 1 - Since the set {[C]^ : [C]b 1 > [B]b 1 } is 
finite, 

f| Z{B^B 2 -\C\ Bl ) C 

[C] Bl >[B] Bl 

is open and dense. Furthermore, Lemma 14.221 or Lemma 14.231 implies 
Z(B\, B 2 ; [B]b 1 )° is dense. Hence the intersection 

Z (Bi, B 2 ; [B] Bl ) c fl f| Z(B 1 ,B 2 ;[C] Bl ) C 

[C} Bl >[B] Bl 
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is dense. But this along with Proposition 14. 251 implies Z(B\, B 2 ; 

is dense. □ 

Lemma 4.27. Assume one of the conditions (l)-(4) of Lemma \4-26] 
holds. Then for any B ^ C, unital C* -subalgebra of B\ that is unitarily 

C 

equivalent to a C* -subalgebra of B 2 , the set Z(Bi,B 2 ; [B]b 1 ) is dense. 



Proof. Assume Z(Bi,B 2 ; [B]b 1 ) is not dense. By Lemma 14.261 there 

C 

is [C]b l > [B]b 1 such that Z(Bi, B 2 ;[C]b 1 ) is not dense. We no- 
tice that again we are in the same condition to apply Lemma 14. 26} 
since [C]b 1 > [B]b 1 > [C]^. In this way we can construct chains, 
in *-SubAlg(_B!)/ ~g u of length arbitrarily large, but this can not be 
since it is finite. □ 

At last we can give a proof of Theorem 14. 11 

Proof of Theorem \4-l\ A direct computation shows that 

A(B 1 ,B 2 )= p| Z(B 1 ,B 2 ,[B] Bl ) c . 

[B] Bl >lC] Bl 

Thus 

A(B 1 ,B 2 )D p| Z(B u B 2 ,[B] Bl ) c . 

[B] Bl >[C] Bl 



Now, by LemmaS2Zl whenever [B] Bl > [C] Bl , the set Z(B U B 2 , [B] Bl ) 
is dense. Hence A(B 1 ,B 2 ) is dense. □ 



5. PRIMITIVITY 

During this section, unless stated otherwise, A 1 7^ C and A 2 ^ 
C denote two nontrivial, separable, residually finite dimensional C*- 
algebras. Our goal is to prove A\ * A 2 is primitive, except for the 
case A\ = C 2 = A 2 . Two main ingredients are used. Firstly, the 
perturbation results from previous section. Secondly, the fact that 
Ai * A 2 has a separating family of finite dimensional ^-representations, 
a result due to Excel and Loring, [7] . 

Before we start proving results about primitivity, we want to con- 
sider the case C 2 * C 2 . This is a well studied C*-algebra; see for in- 
stance [3], [12] and [13]. It is known that C 2 * C 2 is ^-isomorphic to 
the C*-algebra of continuous M2-valued functions on the closed interval 
[0, 1], whose values at and 1 are diagonal matrices. As a consequences 
its center is not trivial. Since the center of any primitive C*-algebra is 
trivial, we conclude C 2 * C 2 is not primitive. 
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Definition 5.1. We denote by tj the inclusion *-homomorphism from 
Aj into Ai*A 2 . Given a unital ^-representation it : Ax*A 2 — > M(H), we 
define ir^ = n o l x and = n o i 2 . Thus, with this notation, we have 
7r = * n^ 2 \ For a unitary u in U(if) we call the ^-representation 
7P 1 ) * (Adu o 7r( 2 )), a perturbation of 7r by u. 

Remark 5.2. The ^-representation * (Adwo7r( 2 )) is irreducible if 
and only if 

U 7i i2 \A 2 yu*n^ 1) (A 1 y = c. 

where (tt^(Ai))' denotes de commutant of tt^(Ai) in M(H). 

Our first goal is to perturb a given finite dimensional *-representation 
of Ai*A 2 into an irreducible one. Of course, the example C 2 *C 2 shows 
that in general this can't be done so we have to find conditions that 
guarantee it. We start with the case A\ and A 2 finite dimensional and 
later, built on the finite dimensional case, we continue with the resid- 
ually finite dimensional case. For the finite dimensional case crucial 
information is given by the ranks of minimal central projections on A\ 
and A 2 . 

Definition 5.3. Assume A\ and A 2 are finite dimensional and let p : 
A\ * A 2 — > M(H) be a unital, finite dimensional representation. We 
say that p satisfies the Rank of Central Projections condition (or RCP 
condition) if for both i = 1,2, the rank of p(p) is the same for all 
minimal projections p of the center C(Ai) of Ai, (but they need not 
agree for different values of i). 

The RCP condition for p, of course, is really about the pair of rep- 
resentations (p^\p^). However, it will be convenient to express it in 
terms of Ai * A 2 . In any case, the following two lemmas are clear. 

Lemma 5.4. Suppose Ai and A 2 are finite dimensional, p : A x * A 2 — >• 
M(H) is a finite dimensional representation that satisfies the RCP con- 
dition and u E V(H). Then the representation * (Adu o p( 2 )) of 
A\ * A 2 also satisfies the RCP condition. 

Lemma 5.5. Suppose A\ and A 2 are finite dimensional, p : A\* A 2 — >■ 
M(H) and a : A\ * A 2 — > M(K) are finite dimensional representations 
that satisfy the RCP condition. Then p © a : A\ * A 2 — > IB (if © K) also 
satisfies the RCP condition. 

The following is clear from Lemma 14.91 

Lemma 5.6. Assume A is a finite dimensional C* -algebra ^-isomorphic 
to ®j = i M n (j) and take tt : A — > M(H) a unital finite dimensional *- 
representation. Let p(n) = [m(l), . . . ,m(l)} and let tt be the restriction 
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of n to the center of A. Then 

A i(7f) = Hl)n(l),...,m(Z)n(Z)]. 

The next lemma will help us to prove that the RCP condition is easy 
to get. 

Lemma 5.7. Assume A is a finite dimensional C* -algebra and ix : 
A — > B(if) is a unital finite dimensional * -representation. Let 

fi(n) = [m(l), . . .,m(Z)]. 

For any nonnegative integers q(l), ■ ■ ■ , q(l) there is a finite dimensional 
unital * -representation p : A—> M(K) such that 

^(tt © p) = [m(l) + q(l), m(l) + q{l)}. 
Proof. Write A as 

i=l 

where A(i) = B(V^) for finite dimensional. For 1 < % < I, let 

Pi : A — > A(i) denote the canonical projection onto A(i). Notice that 

Pi is a unital *-representation of A. Define 

i i 

p := @ (pi®- - -®Pi\ : A 0A(i)«« C M(K), 

i=l ' ' i=l 

times 

where AT = 0S = i(^® 91 )- Th en p is a unital ^representation of A on 
K and 

^(tt © p) = [m(l) + q(l), m(l) + q(l)}. 

□ 

The next lemma takes slightly more work and is essential to our 
construction. 

Lemma 5.8. Assume A\ and A2 are finite dimensional. Given a unital 
finite dimensional * -representation it : Ai*A 2 — > M(H), there is a finite 
dimensional Hilbert space H and a unital * -representation 

7T : Ax * A 2 ->■ M(H) 

such that n © 7r satisfies the RCP condition. 

Proof. For % = 1,2, let k = dimC(Aj), let A, L be *-isomorphic to 
0j=i M rn(j) and write 

p(7r^) = [m t (l),...,m t (l t )]. 
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Take rij = lcm(nj(l), . . . , rij(Zj)) and integers Ti(j), such that ri(j)rii(j) = 
rii, for 1 < j < li. Take a positive integer s such that srj(j) > mj(j') 
for all i = 1,2 and 1 < j < /j. Use Lemma [5.71 to find a unital finite 
dimensional ^-representation p^ : A4 — > M(Ki), i = 1, 2 such that 

/i(vr (i) © Pi ) = [sr^l),...,^;)]- 

Letting denote the restriction of to C(Aj), from Lemma [5T61 

we have 

= [sri(l)ni(l), sri{li)ni(li)\ = [sn h sn h . . . , srii}. 

The ^representations (7P 1 ' © pi) and (tt^ © p 2 ) ar e almost what 
we want, but they may take values in Hilbert spaces with different 
dimensions. To take care of this, we take multiples of them. Let 
N = lcm(dim(_f/' © Ki), dim(if © K 2 )), find positive integers k\ and k 2 
such that 

N = ki dim(H © K ± ) = k 2 dim(H © K 2 ) 

and consider the Hilbert spaces (H © Ki)® ki , whose dimensions agree 
for i = 1,2. Then 

dim(#i © (H © Ki)®^ 1 - 1 )) = dim(if 2 © (# © K^ 2 ^) 

and there is a unitary operator 

U :K 2 @(H@ K 2 f^~^ -+K X ®(H@ K 1 )^ kl ~ 1 \ 

Take 



# 


:= Ki@{H + K l )®^- 1 \ 


Til 


:= p 1 ©(7r( 1 )©p)®( fel - 1 ), 


O"! 


:= 7r (1) ©7Ti, 


7T 2 


:= Ad U (p 2 © (vr (2) © p) 


(T 2 


:= 7T (2) © 7T 2 , 


7T 


:= 7Ti * 7T 2 . 



Then a x * a 2 = (tt (1) © 7Ti) * (7r (2) © 7r 2 ) = 7r © w. We have p(crj) = 
[fcjsrj(l), . . . , kiSTiili)]. Let denote the restriction of cr^ to C(Ai). 
From Lemma [5.61 we have 

p(o-i) = [kisn(l)ni(l), . . . , kisri(li)ni(li)] = [hsri^ . . . , fcjsnj]. 

□ 

The purpose of the next definition and lemma is to emphasize an 
important property about ^representations satisfying the RCP. 



PRIMITIVITY OF FREE PRODUCTS 33 

Definition 5.9. A ^-representation ir : A\ * A 2 — > M(H) is said to 
be densely perturbable to an irreducible * -representation, abbreviated 
DPI, if the set 

A(tt) := {u G U(if) : tt (1) (Ai)' fl (uv {2 \A 2 ) V) = C} 

is norm dense in U(H). Here the commutants are taken with respect 
to M(H). 

The next lemma shows that any ^-representation satisfying the RCP 
is DPI. 

Lemma 5.10. Assume Ai and A 2 are finite dimensional C*-algebras 
and (dim(Ai) - l)(dim(A 2 ) - 1) > 2. If p : A 1 * A 2 B(H), with H 
finite dimensional, satisfies the Rank of Central Projections condition, 
then p is DPI. 

Proof. Since (dim(Ai) — l)(dim(A 2 ) — 1) > 2, and after interchanging 
A± and A 2 , if necessary, one of the following must hold: 

(1) A\ and A 2 are simple, 

(2) dimC(Ai) > 2 and A 2 is simple, 

(3) for i = 1, 2, At = M ni(1) © M„ i(2) , with n 2 {2) > 2, 

(4) dimC(Ai) > 2, dimC{A 2 ) > 3. 

In case (1), take B { = p (i) {Ai)', i = 1,2. 

In case (2), let B 1 = p^(C(A 1 )Y and B 2 = p {2 \A 2 )'. Notice that 
dimC(£ 2 ) = 1, dimC7( J B 1 ) = dimC(Ai) > 2 and, by the RCP assump- 
tion, B 1 is *-isomorphic to M dimH/ dimC (B 1 ) © • • • © M dimH/dimC(i j l) . 

In case (3), let B x = p { - 1 \C{A 1 ))' and 5 2 = p^ (C© M n2(2) )' '. By the 
RCP assumption, l?i is ^-isomorphic to 

MdimH/2 © M dimH / 2 

and _B 2 is ^-isomorphic to 

M dimH / 2 © M dimff /( 2n2 ( 2 )). 

In case (4), let B { = p { ^{C{A i ))' for % = 1,2. Then dimC( J B 1 ) = 
dimC(Ai) > 2, dimC( J B 2 ) = dimC(A 2 ) > 3 and, for i = 1,2, RCP 
implies Bi is *-isomorphic to 

M dim H/ dim C{Bi) © ' ' ' © Miim ff/ dim C(Bj) • 

Now define 

A(B U B 2 ) := {m G U(#) : ^ n Adu(£ 2 ) = C}. 

and notice that in all four cases A(Bi,B 2 ) C A(p). By Theorem 14. 1[ 
the set A(Bx, B 2 ) is dense in all the four cases. □ 
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A downside of the DPI property is that it is not stable under direct 
sums. However, it is stable under perturbations. 

Remark 5.11. If tt : A x * A 2 M(H) is DPI, then for any u in V(H), 
tt^ * (Adw o n^) is also DPI. Indeed, this follows from the identity 

A(tt (1) * (Ad 

(2) )) = A( 

From Lemma 15.81 we obtain the following. 

Lemma 5.12. For any unital finite dimensional * -representation tt : 
A\ * A 2 — > M(H), there is a unital finite dimensional * -representation 
tt : Ai * A 2 ->• M(H) such that tt © tt is DPI. 

Proof. The assumption (dim(Ai) — l)(dim(A 2 ) — 1) > 2 implies there is 
a unital finite dimensional ^-representation i9 : A\ * A 2 — > M(Hq), such 
that (dim(#W(Ai)) - l)(dim(^(A 2 )) - 1) > 2. Consider the unital 
C*-subalgebras of M(H © H ), D % = (tt © i = 1, 2, and notice 

that (dim(Di)-l)(dimp 2 )-l) > 2. Let 9:Dx*D 2 ^ M(H®H ) be 
the unital ^-representation induced by the universal property of Di*D 2 
via the unital inclusions Di C M(H © H ). Lemma [5.81 implies there is 
a unital finite dimensional ^representation p : D\ * D 2 — > M(K) such 
that 9 © p satisfies the RCP condition, so by Lemma 15. 101 is DPI. 

Let ji : Di — > D\ * D 2 , i = 1,2, be the inclusion *-homomorphism 
from the definition of unital full free product. Now consider the unital 
*-homomorphism a = (jio(n(B'&)^)*(j 2 o(n(B'&) ( - 2) ) : Ai*A 2 — > Di*D 2 . 
Now just take H = Hq © K and tt = d © (p o a). In order to show 
tt © 7r is DPI we just need to show that, for i = 1,2, (tt © 7r)W(Aj) = 
(6* © p)^(Di), but this is a direct computation. □ 

The proof of next lemma is a standard approximation argument and 
we omit it. 

Proposition 5.13. Let A\ and A 2 be two unital C* -algebras. Given 
a non zero element x in A\ * A 2 and a positive number e, there is a 
positive number5 = S(x, e) such that for any u and v in U(if ) satisfying 
\\u — v || < 5 and any unital * -representations tt : A x * A 2 — > M(H), we 
have 

||(tt (1) * (Adv o tt^))(x) - (tt« * (Adu o tt( 2 )))(x)|| < e. 

Here is our main theorem. 

Theorem 5.14. Assume Ai and A 2 are unital, separable, residually 
finite dimensional C* -algebras with (dim^x) — l)(dim(A 2 ) — 1) > 2. 
Then A\ * A 2 is primitive. 
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Proof. By the result of Exel and Loring in [7], there is a separating 
sequence (ttj : A\ * A 2 — > M(Hj))j>i, of finite dimensional unital *- 
representations. For later use in constructing an essential representa- 
tion of A\ * A 2 , i.e., a ^representation with the property that zero is 
the only compact operator in its image, we modify (iTj)j>i, if necessary, 
so that that each ^representation is repeated infinitely many times. 
By recursion and using Lemma I5.12[ we define a sequence 

ir j :A 1 *A 2 ^M{H j ), (j>l) 

of finite dimensional unital ^-representations such that, for all k > 1, 
®j=i(^j © is DPI. Let 7T := ®j>x-Kj © % and H := ®j>iHj © Hj. 
To ease notation, for k > 1, let tt^\ = €D^ =1 7r © 7r. Note that we have 
ir(Ai * A 2 ) fl K(H) = {0}. Indeed, if n(x) is compact then lim, \\(iTj © 
7rj)(x)|| = 0, since each representation is repeated infinitely many times 
and we are considering a separating family we get x = 0. 

We will show that given any positive number e, there is a unitary 
u on V(H) such that \\u — id#|| < e and * (Adu o tt^) is both 
irreducible and faithful. To do this, we will to construct a sequence 
{u h ,6 k ,F k ) k >i where: 

(a) For all k, Uk is a unitary in U(©^ =1 if ? - © satisfying 

||w*-id e j =iHje ^ll < 2^1- ( 18 ) 

(b) Letting 

M 0» = u i © ld jf J+1 eA 3+1 © ■ • ■ © l &H h ®H k 

and 

£7 fc = Uf.U(k-i,k)U(k-2,k) ■ ■ ' M (i,fc) ) (19) 
the unital ^-representation of A\ * A 2 onto M[®^ =1 Hj © Hj) , given 
by 

0fc = 7rg ) *(Adt/ fc o7rgj ) ) > (20) 

is irreducible. 

(c) Fk is a finite subset of the closed unit ball of A\ * A 2 and for all y 
in the closed unit ball of A\ * A 2 there is an element x in Fk such 
that 

Pk(x) ~ e k (y)\\ < . (21) 

(d) If k > 2, then for any element x in the union U^Z^Fj, we have 

||0 fc (a;) - (0 fc _i © 7r fc © 7r fc )(x)|| < — T . (22) 
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We construct such a sequence by recursion. 

Step 1: Construction of (ui,9i,Fi). Since tc © fc is DPI, there is a 
unitary u\ in Hi@H\ such that — id He ^|| < ^ and 7r$*Adwia7rn? 
is irreducible. Hence condition (|T8|) and ( 120]) trivially hold. Since 
Hi © f/i is finite dimensional, there is a finite set F\ contained in the 
closed unit ball of A\ * A 2 satisfying condition (I2ip . At this stage there 
is no condition (122]) . 

Step 2: Construction of (u k+ i, k+ i, Fk+i) from (uj,9j, Fj), 1 < j < k. 
First, we are prove there exists a unitary u k+ \ in U(©^ifj ®Hj) such 
that — id e fc+i H ^. e ^. || < 2FF2, the unital ^representation of Ai*A 2 

into B(ffi J fc ± 1 1 iJ i © Fj) defined by 

k +l ■= {Ok ® TTfc+l © 7Tfe+l) (1) * (Adn fc+1 O (6 k © 7T fc+1 © n k+1 )^) (23) 

is irreducible and for any element x in the union U^ =1 Fj, the inequality 
\\0 k+1 (x) - (9 k © n k+ i © 7r fc+ i)(x)|| < h olds. By Remark 15.111 

9 k © 7r fc+1 © ir k+ i is DPI so Proposition 15.131 assures the existence of 
such unitary u k+ \. Notice that, from construction, conditions ( fl8|) and 
( 122]) are satisfied. A consequence of ( 120]) and ( TT9T) is 

Ok+i = * (AdU k+1 o ttJ^). 

Finite dimensionality of ©^jjj-ffj © Hj guarantees the existence of a 
finite set F k+ i contained in the closed unit ball of A\ * A 2 satisfying 
condition ( 121]) . This completes Step 2. 
Now consider the ^representations 

O-k = k © 7Tj © TTj . (24) 
j>k+l 

We now show there is a unital ^representation of a : A\ * A 2 — >■ B(iif), 
such that for all x in Ai* A 2 , \im k \\a k (x) — cr(x)\\ = 0. If we extend 
the unitaries u k to all of H via u k = Uk ffij>/c+i id^ e ^, then we obtain 

a k = tt (1) * (Ad £4 ovr (2) ), (25) 

where C4 = Mfe • • -u\. Thanks to condition (ITS]) , we have 

fc fc 

||£4 - idffH < H fi * - id^ll < Tjfe, 
i=i i=i 



and for / > 1 



\Uk+i — Uk\\ = \\Uk + i ■ ■ ■ u k+ i - id H \\ < ^J+i 



k+i 

2?- 



i=fc+i 
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Hence, Cauchy's criterion implies there is a unitary u in U(if) such 
that the sequence (Uk)k>i converges in norm to u and ||w — id#|| < §. 
Define 

a = vr (1) * (AdMOTr (2) ). (26) 
From Proposition 15.131 we have that for all x in Ai * A 2 , 

lim || a k (x) -cr{x) \\ = 0. (27) 

k 

Our next goal is to show a is irreducible. To ease notation let A = 

SOT 

Ai * A 2 . We will show a (A) = M(H). Take T in M(H). With no 
loss of generality we may assume ||T|| < |. Recall that a neighborhood 
basis for the SOT topology around T is given by the sets 

...,e«;e) = {Se B(#) : ||^6 - < e, z = 1, . . . , n) 

where e > 0, n G N, and £i, . . . , £ n E H are unit vectors. We show that 
for any £ > and any unit vectors £i, . . . , £ n , A/t(£i, . . . , £ n ; e) fl cr(A) 
is nonempty. Let P^ denote the orthogonal projection from H onto 
® k j=\Hj ® Hj. Take fci > 1 such 

El e 
¥ < 23 

fc>fci 

and for k > ki, 1 < i < n, 

\\(id H -P k )&)\\<^, (28) 

||(id H -P fc )(T&)ll <^. (29) 

Since P& has finite rank and 9 k is irreducible, there is a in A, with 
||a|| < 1 such that 

P kl TP kl (Z i ) = 9 kl (a)(P kl (£ i )) (30) 
for i — 1, . . . , n. We have 

^(a)(P fcl te))=a fcl (a)(P fcl te)). (31) 
Take a; in such that 

IIMa)-^^)!^^!- (32) 
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We will show a(x) G A/r(£i, • • • , £,n', e)- To ease notation let £j = £. 
From (ESD, d2SJ>, (EDD and flST]), we deduce 

||T£-a(x)£|| < ||T£-P fel TP fcl £|| 

+ \\P kl TP kl t-a kl {a)t\\ 

+ IKi( a )£ - 

< 23 + IkfeiWC-o-^Cll- 
For any p > 1 we have 

j=ki 

+ o- fcl+p+ i(x)C - 
Thus, from (1281). (15T]) , (152]), (122)) and (122j) we deduce 

lkki(o)£ - ^faOf || < | + lkfei+p+i(^)C - cr(^)Cll 

hence 

Ikfci(a)^ — ct(x)C|| < 2" 

We conclude <r(:c) lies in A/t(£i> ■ ■ ■ , Cn> £ )- 

An application of Choi's technique (see Theorem 6 in [1]) will give 
us faithfulness of a. Indeed, from construction, for all x in A, cr(x) = 
limfc a k {x). Thus if each a k is faithful then so is a. But faithfulness of 
a k follows from the commutativity of the following diagram 

A — ^ M(H) 



7TC 



M(H) -^B(H)/K(H) 

(where ttc denotes the quotient map onto the Calkin algebra), which 
in turn is implied by (1241 . □ 



To obtain the following corollary, see Lemma 3.2 of [TJ. 

Corollary 5.15. Assume A\ and A2 are nontrivial residually finite 
dimensional C* -algebras with (dim(Ai) — l)(dim(A2) — 1) > 2. Then 
A\ * A 2 is antiliminal and has an uncountable family of pairwise in- 
equivalent irreducible faithful * -representations. 

We finish with a corollary derived from Lemma 11.2.4 in [6]. 
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Corollary 5.16. Assume A\ and A2 are nontrivial residually finite 
dimensional C* '-algebras with (dim(^4i) — l)(dim(A 2 ) — 1) > 2. Then 
pure states of A\ * A 2 are w*-dense in the state space. 
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